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ABSTRACT
We construct two-dimensional N = (2, 2) supersymmetric gauge theories with orthogonal
and symplectic groups using branes and orientifold planes in Type IIA string theory. A
number of puzzles regarding the construction, including the effect of exchanging NS5-
branes on an orientifold 2-plane, are resolved by lifting the configurations to M theory.
The low energy properties and conjectured dualities of these theories are reproduced in the
M-brane description. A similar construction of N = (4, 4) theories with orthogonal and
symplectic groups leads to new duality conjectures for these theories.
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1 Introduction
The interplay of gauge theory dynamics and branes in string theory has led to many impor-
tant developments in both quantum field theory and string theory. In this paper we will fill
a long-standing gap in the subject related to two-dimensional N = (2, 2) supersymmetric
gauge theories.
The study of two dimensional N = (2, 2) gauge theories was motivated mainly by their
role in superstring compactifications [1], although they also play a prominent role in the
description of self-dual strings in six-dimensional superconformal field theories. Abelian
theories are well understood and flow to sigma models whose target space describes toric
geometry. The dynamics of non-abelian theories are more complicated since they become
strongly interacting at low energy. Non-abelian N = (2, 2) gauge theories are expected to
flow in the IR to sigma models whose target spaces are more general Calabi-Yau manifolds.
Unitary gauge theories were studied in [2] and [3]. Orthogonal and symplectic gauge
theories were subsequently considered in [4]. All these theories exhibit phenomena familiar
in four and three dimensions, such as supersymmetry breaking and Seiberg duality.
A brane construction for N = (2, 2) theories with a U(k) gauge symmetry and matter
in the fundamental representation was given in [2]. This is a two-dimensional version of
the construction of [5] for four-dimensional N = 1 gauge theories (building on the original
construction of three-dimensional N = 4 theories in [6]), in which the two-dimensional
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gauge theory is realized as the low-energy effective theory on D2-branes that are suspended
between a pair of NS5-branes, in the presence of “flavor” D4-branes. As in the four-
dimensional case, the brane construction of the two-dimensional theories is used to exhibit
their IR properties. In particular supersymmetry breaking occurs when there are too
many D2-branes suspended between an NS5-brane and a D4-brane, violating the so-called
“s-rule”, and Seiberg duality is realized by exchanging the positions of the two NS5-branes.
Somewhat surprisingly, this construction has not been generalized to orthogonal and
symplectic gauge theories in two dimensions. Brane constructions for four dimensional
N = 1 gauge theories with O(k) and USp(2k) groups were given in [7, 8]. But the
analogous constructions for two dimensional N = (2, 2) theories with O(k) and USp(2k)
groups have not been studied. Our main goal here is to fill this gap.
The plan of the paper is as follows. In section 2 we very briefly review the general
properties of two-dimensional N = (2, 2) supersymmetric gauge theories. In section 3 we
review the brane construction of the U(k) theories. Section 4 contains our new results
related to the brane construction of O(k) and USp(k) theories. We begin in section 4 by
reviewing the field theory results of [4], and then present the brane construction in Type
IIA string theory, and its lift to M theory. The latter is important in order to resolve a
number of puzzles related to the string theory brane construction. It will also lead to new
insights about brane dynamics in M theory and its reduction to Type IIA string theory.
In section 5 we discuss the generalization to N = (4, 4) supersymmetric theories. Section
6 contains our conclusions and open questions.
2 Basics of 2d N = (2, 2) supersymmetry
We begin with a brief review of the basic ingredients of two-dimensional N = (2, 2) gauge
theories following [1, 2, 3]. N = (2, 2) supersymmetry has superchargesQ+, Q¯+ andQ−, Q¯−
carrying charges (±1, 0) and (0,±1), respectively, under the R-symmetry U(1)R × U(1)L.
The basic superfields are the chiral superfield,
Φ(x, θ) = φ(x) + θ+ψ+ + θ
−ψ− + θ+θ−F + · · · , (1)
and the gauge superfield, given in Wess-Zumino gauge by
V (x, θ) = θ−θ¯−(A0 + A1) + θ+θ¯+(A0 − A1)− θ+θ¯−σ − θ−θ¯+σ†
−iθ2θ¯αλ¯α + iθ¯2θαλα − 1
2
θ2θ¯2D . (2)
The gauge superfield can be repackaged as a gauge-covariant twisted chiral superfield:
Σ(x, θ) = σ + θ+λ¯+ + θ¯
−λ+ + θ+θ¯−(D − iF01) + · · · , (3)
where σ is a complex scalar field parameterizing the Coulomb branch.
The generic N = (2, 2) gauge theory is given by
L =
∫
d4θ
[
Tr(Σ¯Σ) + Φ¯ie
V(i)Φi
]
+
∫
dθ+dθ−W (Φi) + h.c. +
∫
dθ+dθ¯− W˜ (Σ) + h.c. (4)
3
where the last term is known as a twisted superpotential interaction. W has R-charges
(1, 1) and W˜ has R-charges (−1, 1). To preserve U(1)A = U(1)L−R, at least at the classical
level, the twisted superpotential must be linear in Σ:
W˜class = tTr Σ , (5)
where t = ξ + iθ. The real part is the FI term and the imaginary part is the 2d theta
parameter. In particular θ ∼ θ + 2pi. This term exists if the gauge group contains a U(1)
factor. Unlike the superpotential, the twisted superpotential is corrected perturbatively at
one loop. The effective twisted superpotential on the Coulomb branch is given by
W˜eff = W˜class +
∑
i, ~wi
wαi Σ
α(ln(wαi Σ
α)− 1) +
∑
~r
rαΣα(ln(rαΣα)− 1) (6)
where α = 1, . . . , rank(G), ~wi are the weight vectors of the representation of Φi under G,
and ~r are the root vectors of G. As a consequence the Coulomb branch is generically lifted.
There are two types of mass terms one can turn on for the matter fields. The first is
the complex mass given by the superpotential term
Lm = m
∫
dθ+dθ− Φ˜Φ + h.c. (7)
This is just the reduction of the 4d N = 1 mass term. The second is the twisted mass
(which is also complex) given by
Lm˜ =
∫
d4θΦ† eθ
+θ¯−m˜+h.c. Φ . (8)
This can be thought of as a VEV for a scalar in a background vector multiplet associated
to the global flavor symmetry. The twisted mass in two dimensions is also related to the
real mass in three dimensions.
3 Review U(k) theories
3.1 Field theory
Two dimensional N = (2, 2) gauge theories with U(k) gauge symmetry and matter in the
fundamental representation were studied in [2, 3]. With nf fundamentals and na anti-
fundamentals, the global flavor symmetry is SU(nf ) × SU(na) × U(1)−. The effective
twisted superpotential on the Coulomb branch is given by
W˜eff = (t+ ipi(k − 1)) Tr Σ + nf Tr[Σ(ln Σ− 1)]− na Tr[Σ(ln(−Σ)− 1)] . (9)
Note that in two dimensions the chiral anomaly does not require nf = na. For nf 6= na
the theories are massive, and the U(1)A R-symmetry is broken anomalously to Z2(nf−na).
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We will be mostly interested in the case nf = na = n. In this case the U(1)A R-symmetry
is unbroken, and the theory has a non-trivial IR fixed point. The effective twisted super-
potential reduces to
W˜eff = (t+ ipi(n+ k − 1)) Tr Σ , (10)
which amounts to just a shift in the theta parameter θeff = θ + pi(n+ k − 1).
For n ≤ k the theory has no supersymmetric ground states. For n ≥ k + 1 supersym-
metry is unbroken and there are
(
n
k
)
supersymmetric ground states.3 For n = k + 1 the
theory flows in the IR to a free theory of baryons and mesons. For n > k+1 there is a dual
“magnetic” theory with a gauge group U(n − k), n fundamentals q, n anti-fundamentals
q˜, and a singlet M in the bi-fundamental representation of the flavor symmetry, with a
superpotential W = q˜Mq. In fact this is a special case of a more general duality for nf
fundamentals and na antifundamentals [9]. The duality for na = 0 was originally proposed
in [2]. Evidence for these dualities was provided by comparing the S2 partition functions
in [9, 10, 11, 12], and by comparing the elliptic genera in [13].
3.2 Branes
The brane construction of [2] for the 2d N = (2, 2) theories with G = U(k) is summarized
in Table 1 and shown in Fig. 1. In particular, each semi-infinite D4-brane ending on the
NS5’-brane from x7 > 0 provides a chiral superfield in the fundamental representation,
and each semi-infinite D4-brane ending on the NS5’-brane from x7 < 0 provides a chiral
superfield in the anti-fundamental representation. From the D2-brane point of view there
is a global chiral symmetry SU(nf ) × SU(na), as well as three U(1)’s corresponding to
rotations in the (2,3), (4,5) and (8,9) planes. The first two are the U(1)A and U(1)V R-
symmetries, respectively, and the third is the axial U(1)− part of U(nf )×U(na) D4-brane
gauge symmetry. The vector U(1)+ part is contained in the 2d gauge symmetry. Pairs of
semi-infinite D4-branes can connect and move into the interval, breaking SU(n)× SU(n)
to a single SU(n). From the D4-brane point of view this corresponds to giving a VEV to
a bi-fundamental field.
brane 0 1 2 3 4 5 6 7 8 9
NS5 • • • • • •
NS5’ • • • • • •
D2 • • •
D4 • • • • •
Table 1: Type IIA brane configuration for U(k)
3For SU(k) this is slightly different [3], but we will mostly be concerned with U(k).
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Figure 1: (a) Type IIA brane configuration for U(k) with nf fundamentals and na anti-
fundamentals. (b) nf = na case.
Let us focus on the configuration with nf = na = n. In this case all the D4-branes can
be connected and moved into the interval, Fig. 1b. The moduli space and parameters of the
gauge theory can be read off from the geometry of the brane configuration. The positions
of the D2-branes in the (2,3) plane correspond to the Coulomb branch of the theory. The
Higgs branch is described by breaking the D2-branes into segments between the D4-branes
and moving them in the (7,8,9) directions. The positions of the D4-branes in the (4,5) plane
are complex masses mj˜i , Fig. 2a. Generic twisted masses m˜i, m̂j˜ are described by breaking
D4-branes on the NS5’-brane, and independently moving the two pieces in the (2,3) plane,
Fig 2b. The position of a full D4-brane in the (2,3) plane corresponds to m˜i = m̂i˜. The
separation of the NS5-branes in x6 is the Yang-Mills coupling g−2YM , and their separation
in x7 is the FI parameter ξ, Fig. 3a. The θ parameter becomes visible in the M theory lift
of the configuration (see Table 2), where it corresponds to the separation of the M5-brane
and M5’-brane in x10, Fig. 3b.4 There is one small subtlety in the identification of the θ
parameter: the separation of the two M5-branes should be identified with θ + pi(k − 1),
namely there is a shift of pi if k is even. This provides a unified description of the complex
parameter t = ξ+ iθ as the separation of the M5-brane and M5’-brane in the (7,10) plane.
brane 0 1 2 3 4 5 6 7 8 9 10
M5 • • • • • •
M5’ • • • • • •
M2 • • •
M˜5 • • • • • •
Table 2: M-brane configuration
4From the point of view of the NS5-branes this corresponds to the fifth scalar of the 6d (2, 0) tensor
multiplet.
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Figure 2: Mass deformations: (a) Complex mass (b) Twisted mass
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Figure 3: FI and θ parameters
For t 6= 0 the ground state is described by a configuration where the M2-branes (D2-
branes) break on the M˜5-branes (D4-branes), corresponding to the Higgs branch of the
theory. This configuration has k M2-branes suspended between the M5-brane and the
M˜5-branes. Since the M5-brane and M˜5-brane are a linked pair one must apply the s-
rule, which implies that supersymmetry is unbroken only if n ≥ k, and there are (n
k
)
supersymmetric ground states. This reproduces the field theory result.
The dual theory is obtained, as usual, by first moving the D4-branes (M˜5-branes) to
the right and across the NS5-brane (M5-brane), leading to the creation of n D2-branes
(M2-branes), and then exchanging the NS5-brane and NS5’-brane, keeping t 6= 0, Fig. 4.
The final configuration, Fig 4b, describes the “magnetic” theory, with G = U(n − k), n
fundamentals and anti-fundamentals, and n2 singlets.
For nf 6= na the story is slightly more involved and one has to take into account the
bending of the NS5’-brane, or more precisely the curve corresponding to the joined M5’-
brane and M˜5-branes [2]. This describes the renormalization of the FI and θ parameters.
7
k nNS5NS5’
(a)
n-k nNS5 NS5’
(b)
Figure 4: The duality move.
The curve is given by
t(σ) = const−
nf∑
i=1
ln(σ − m˜i) +
na∑
j˜=1
ln(σ − m̂j˜) , (11)
where σ = x2 + ix3 and t = x7 + ix10, in agreement with the field theory computation of
the effective twisted superpotential (9).
4 Orthogonal and symplectic theories
4.1 Field theory
The 2d N = (2, 2) theories with orthogonal and symplectic gauge groups were studied by
Hori in [4].
In the orthogonal case the gauge group is either O(K) or SO(K), with N chiral super-
fields in the vector representation. In either case the global flavor symmetry is U(N). These
theories admit a discrete theta parameter θD ∈ {0, pi} associated to pi1(SO(K)) = Z2.5
There is actually an additional discrete choice for the O(K) theory which is understood
as follows. The O(K) theory can be obtained by gauging a Z2 global symmetry in the
SO(K) theory. This symmetry is either charge conjugation, or charge conjugation com-
bined with (−1)F . The former is the so-called standard orbifold, and the latter is the
non-standard orbifold. The main difference between the two theories is that the number
of supersymmetric ground states of the standard orbifold is doubled relative to the non-
standard orbifold. The notation O(K)± was introduced in [4] to differentiate between the
two theories. However the correspondence depends on K and N as follows: O(K)+ is
the standard (non-standard) orbifold for N + K odd (even), and O(K)− is the standard
(non-standard) orbifold for N +K even (odd).
5This is true for K ≥ 3. For K = 2, pi1(SO(2)) = Z. The SO(2) = U(1) theory admits a real valued
theta parameter which contributes a term θ
∫
F to the action. However since the gauge field is odd under
the inversion element of O(2), only θ = 0, pi are possible in the O(2) theory.
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The Coulomb branch of the orthogonal theory is parameterized by
σ =
{
diag(σ1τ
2, . . . , σkτ
2) for K = 2k
diag(σ1τ
2, . . . , σkτ
2, 0) for K = 2k + 1 ,
(12)
and the effective twisted superpotential on the Coulomb branch is given by
W˜eff = i (θD + pi(N +K))
k∑
a=1
Σa . (13)
Consequently, even though the theory does not admit an FI parameter, the Coulomb
branch is lifted if N +K is odd and θD = 0, or if N +K is even and θD = pi. In [4] these
were referred to as the regular theories. Supersymmetry is unbroken if N ≥ K − 1. The
number of supersymmetric ground states depends on the theory and on whether K and N
are even or odd (see Table (4.20) in [4]). For example, the regular theory with gauge group
O(2k)± and 2n flavors has
(
n
k
)
supersymmetric ground states. For N = K − 1 the theories
flow to free theories of mesons. For N ≥ K, Hori proposed the following set of dualities
for the regular theories:
SO(K) ←→ O(N −K + 1)+ (14)
O(K)+ ←→ SO(N −K + 1) (15)
O(K)− ←→ O(N −K + 1)− , (16)
where as in four dimensions, the theory on the RHS of the duality contains in addition to
the N flavors qi, singlets sij in the symmetric representation of U(N), and a superpotential
W =
∑N
i,j=1 sijqiqj.
In the symplectic theories the gauge group is USp(2k) = Sp(k), and there are N chiral
superfields in the fundamental (2k-dimensional) representation. Note that unlike four
and three dimensions, N may be odd, since there is no global anomaly for Sp(k) in two
dimensions. The global symmetry is again U(N). The Coulomb branch is parametrized
by
σ = diag(σ1τ
3, . . . , σkτ
3) . (17)
As in the orthogonal theories the quantum effects on the Coulomb branch amount to
effective U(1) theta parameters θeff = piN . Therefore the theory is regular only if N is
odd, N = 2n + 1. Supersymmetry is unbroken provided that n ≥ k, and there are (n
k
)
supersymmetric vacua. For n = k the theory flows in the IR to a free theory of mesons.
For n ≥ k + 1 there is a proposed duality
USp(2k)←→ USp(N − 2k − 1), (18)
where the theory on the RHS contains singlets aij in the antisymmetric representation of
U(N), and a superpotential, W =
∑N
i,j=1 aijqiqj.
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The duality conjectures for the orthogonal and symplectic theories were originally based
on ’t Hooft anomaly matching, the number of supersymmetric ground states, and a com-
parison of the (c, c) chiral ring of gauge invariant polynomials of the chiral superfields, and
the (a, c) chiral ring of gauge invariant polynomials of the twisted chiral superfield (the
vector superfield) [4]. These dualities were also tested by comparing the elliptic genus in
[14], as well as correlation functions of Coulomb branch operators in [15].
The orthogonal and symplectic dualities in two dimensions appear to be a natural
progression of the analogous dualities in four and three dimensions, in which there is a
shift in the rank of the magnetic theory of ±4 and ±2, respectively, relative to the unitary
case. This suggests an interpretation in terms of orientifold planes, since their charge also
decreases by a factor of 2 for each dimensional reduction. In what follows we will see that
this simple observation is essentially correct, but subtle, and it will require the perspective
of M theory.
4.2 Type IIA branes
To extend the Type IIA brane construction to the orthogonal and symplectic theories we
add an orientifold 2-plane, as shown in Fig. 5. The two NS5-branes are now “fractional”
in the sense that they are fixed to the location of the O2-plane. Furthermore, the type
of O2-plane changes across each NS5-brane, from O2± to O2∓, or from O˜2
±
to O˜2
∓
[16].
The gauge group of the 2d gauge theory depends on the type of O2-plane between the
NS5-branes. For O2− the gauge group is O(2k), for O˜2
−
it is O(2k + 1), and for O2+ and
O˜2
+
it is USp(2k). However the brane construction does not distinguish between the O+,
O−, and SO theories. The flavor D4-branes must now have both an x7 < 0 piece and an
x7 > 0 piece that are related by the orientifold projection. The global symmetry for N
fundamental chiral multiplets is therefore U(N). As before, moving the D4-branes into the
interval (Fig. 5b) reduces the global symmetry. If the orientifold plane in the interval is an
O2+ or O˜2
+
, U(N) breaks to O(N). From the D4-brane point of view, this corresponds to
a VEV for a field in the symmetric representation of U(N). If the orientifold plane in the
interval is an O2− or O˜2
−
, U(N) breaks to USp(N) if N is even, and to USp(N−1)×U(1)
is N is odd. In the latter case a single D4-brane must remain on the NS5’-brane, Fig. 5c.
This corresponds to a VEV for a field in the antisymmetric representation of U(N).
As before, complex masses correspond to the positions of the D4-branes in the (4, 5)
plane. However due to the presence of the orientifold plane the D4-branes can only move
in pairs in opposite directions, Fig. 6a. This is consistent with the USp(2k) theory in
which the complex mass matrix is antisymmetric, but it does not capture the most general
symmetric mass matrix of the O(K) theory. There does not seem to be a brane realization
of a more general complex mass deformation in the O(K) theory. Twisted masses are
described by the positions in the (2,3) plane of semi-infinite D4-branes ending on the
NS5’-brane, Fig. 6b. There is one parameter per pair of semi-infinite branes which are
related by the orientifold projection. This corresponds to m˜ = −mˆ from the point of view
10
O2-D2 NS5NS5’
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NS5NS5’
N D4
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NS5NS5’
2n D4D4
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7
6
Figure 5: Type IIA brane configuration for O(K) and USp(2k). For O(K) with an odd
number of flavors one D4-brane must remain broken on the NS5’-brane.
of the U(k) theory.
O2-D2
NS5
NS5’
 D4
 D4
4
6
(a)
O2-D2
NS5NS5’
 semi-D4
 semi-D4
2
6
(b)
Figure 6: (a) Complex mass (b) Twisted mass
It appears that we have all the ingredients necessary to construct the different theories
discussed above, and to describe their properties. However this construction leads to three
apparent puzzles:
1. How is the discrete theta parameter θD of the orthogonal theories realized in the
brane construction?
2. How are symplectic theories with an odd number of flavors N = 2n + 1 realized?
Inserting an odd number of D4-branes doesn’t work, since that changes one of the
O2−-planes on the outside to an O˜2
−
-plane, thereby adding another flavor. So in
trying to add one flavor we have really added two.
3. How does the duality move exchanging the two NS5-branes work? Since the NS5-
branes cannot avoid each other in this case (there is no FI parameter), we must in
principle deal with the strong coupling dynamics of their intersection. The same
issue was encountered in the brane construction of N = 1 orthogonal and symplectic
theories in four dimensions [7]. In that case it was shown that two additional D4-
branes are created when the NS5-branes cross, explaining the shift by 4 in the duality,
for example SO(k)↔ SO(N − k + 4). This effect can be accounted for by requiring
the conservation of the linking number associated to the NS5-brane [6], by including
the contribution of the D4-brane charge difference across the NS5-brane. A similar
computation in three dimensions requires the creation of one D3-brane and therefore
a shift of 2 in the dualities [17]. However in trying to apply the same logic to the
11
two-dimensional theories, and explain the shift of 1 in the dualities, we encounter a
puzzle. In the absence of D2-branes the linking number of the NS5-brane is ±1/4,
since the charge of the O2±-plane is ±1/8. The conservation of the linking number
therefore requires the creation of a half-D2-brane. This is impossible. In the case of
the O2+-plane one cannot have a fractional D2-brane. It is in principle allowed for
an O2−-plane, turning it into an O˜2
−
-plane. But this is also problematic, since this
also seems to require the presence of a D4-brane, which we did not assume.
These puzzles will be resolved by lifting to M theory.
4.3 M theory
The M theory description of the different branes was given in the previous section. The
new ingredient is the O2-plane, which lifts to a pair of OM2-planes located at antipodal
points on the x10 circle [18, 16]. The OM2-plane is the fixed plane of the orbifold R8/Z2
in M theory. There are two variants, OM2− and OM2+, associated to a discrete holonomy
of the M theory 3-form. They carry M2-brane charge −1/16 and 3/16, respectively [18].6
The lift of the Type IIA O2-plane is (R7 × S1)/Z2, which is two OM2-planes. The two
possibilities for the OM2-plane lead to the four versions of the O2-plane:
O2− = OM2− + OM2−
O˜2
−
= OM2+ + OM2+
O2+ = OM2− + OM2+
O˜2
+
= OM2+ + OM2−
In particular this gives the known RR charges of the different O2-planes. Note that the
O2+ and O˜2
+
are basically the same object in M theory. They differ only by a pi rotation
in x10. The transformations of an O2-plane across an NS5-brane or a D4-brane both lift
in M theory to the transformation OM2− → OM2+ across an M5-brane.
In our configuration the positions of the M5-brane and M5’-brane in x10 are fixed to the
location of an OM2-plane, but they can either be on the same OM2-plane or on different
OM2-planes. This will resolve the first two puzzles. The above choice is a discrete remnant
of the continuous degree of freedom that previously described the theta parameter of the
U(k) theory, and will be related to the discrete theta parameter of the O(K) theories, and
to the choice of an even or odd number of flavors in the USp(2k) theory.
Let us consider first the case of an even number 2n of flavor M˜5-branes. There are
a total of eight inequivalent configurations (see Fig. 7), depending on the types of the
two OM2-planes on the outside, labeled by a, b ∈ {+,−}, and on the relative position of
the two M5-branes in x10. The four configurations with the two M5-branes on the same
OM2-plane (Fig. 7a) describe 2d gauge theories with a Coulomb branch corresponding to
the motion of the M2-branes along the M5-branes and M5′-branes in the (2,3) plane. The
6We are using the reduced space normalization of charge.
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configurations with the M5-branes on different OM2-planes (Fig. 7b), on the other hand,
describe theories where the Coulomb branch is lifted, since the M2-branes are forced to
break on the M˜5-branes in the vacuum. These describe the regular theories.
M5’
k M2
M5
2n M5~
OM2b
OM2a OM2a
OM2b
(a)
M5’
k M2
M5
2n M5~
OM2b
OM2a
OM2-b
OM2-a
k M2
(b)
Figure 7: M-brane configurations with an even number of flavor branes for O(K) and
USp(2k) theories.
We can now easily identify the gauge theories corresponding to the different choices of
a, b ∈ {+,−} using the O2-OM2 relations. This is summarized in Table 3. For example,
for (a, b) = (−,−) the configuration in Fig. 7a describes USp(2k) with 2n flavors, and the
configuration in Fig. 7b describes USp(2k) with 2n + 1 flavors. The extra flavor in the
second case is due to the reduction of the two OM2+-planes on the right to an O˜2
−
-plane.
The other cases include orthogonal theories with an even number of flavors.
To construct orthogonal theories with an odd number of flavors we need to add one
more flavor M˜5-brane, Fig. 8. For (a, b) = (+,−) and (−,+) the configurations describe
O(2k) and O(2k + 1) with an odd number of flavors, and with θ = 0 or pi. The unpaired
M˜5-brane is stuck to the M5′-brane. This is the lift of the Type IIA configuration shown in
Fig. 5c. The other two configurations with (a, b) = (+,+) and (−,−) do not lead to new
theories. These are related to previous configurations by moving the unpaired M˜5-brane
to the left, giving the USp(2k) theories with an even and odd number of flavors.
kOM2b
OM2a OM2-a
OM2-b
1 2n
(a)
k M2
2n M5~
OM2b
OM2a
k M2
OM2a
OM2b
(b)
Figure 8: M-brane configurations with an odd number of flavor branes for O(K) and
USp(2k) theories. For b = + a single M2-brane may be suspended between the M5 and
the unpaired M˜5 (blue line).
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N (a, b) ∆x10 = 0 (irregular) ∆x10 = pi (regular)
2n (−,−) USp(2k) + 2n USp(2k) + 2n+ 1
(+,+) USp(2k) + 2n+ 2 USp(2k) + 2n+ 1
(+,−) O(2k + 1)pi + 2n O(2k)pi + 2n
(−,+) O(2k)0 + 2n O(2k + 1)0 + 2n
2n+ 1 (−,−) USp(2k) + 2n+ 2 USp(2k) + 2n+ 1
(+,+) USp(2k) + 2n+ 2 USp(2k) + 2n+ 3
(+,−) O(2k)pi + 2n+ 1 O(2k + 1)pi + 2n+ 1
(−,+) O(2k + 1)0 + 2n+ 1 O(2k)0 + 2n+ 1
Table 3: Theories described by the OM2 M-brane configurations.
Counting the number of supersymmetric vacua requires a generalization of the s-rule
to the M theory configurations. Since this is intimately related to the brane creation
phenomenon, which will be important also in the description of the dualities, we pause
momentarily to discuss this. The basic situation we want to consider is an M5-brane and
an M˜5-brane on an OM2-plane, Fig. 9. We know that in flat space, exchanging these two
M5-branes leads to the creation of a single M2-brane. Naively one might conclude that a
half-M2-brane should be created when the two “fractional” M5-branes are exchanged on
the OM2-plane. But this is not really possible due to the charge quantization condition
in M theory [19]. To see what actually happens we will use the linking number argument.
The linking number associated to the M5-brane is given by
LM5 =
1
2
(NR
M˜5
−NL
M˜5
) +NLM2 −NRM2 , (19)
where the OM2-plane contributes its M2-brane charge as well, which for the OM2a-plane
is (1 + 2a)/16. In exchanging the two M5-branes the linking number changes by
∆LM5 = − 1
4
− a
4
−
(
1
4
+
a
4
)
= − 1 + a
2
. (20)
Therefore a single M2-brane must be created for a = +, and none for a = −, Fig. 9b.
Iterating the process for N M˜5-branes we find that n M2-branes are created if N = 2n,
and n + 1+a
2
M2-branes are created if N = 2n + 1. We can also conclude from this the
form of s-rule in this situation. For an even number of M˜5-branes, there can be at most
one full M2-brane per pair. In the covering space there are two M2-branes, one ending on
one M˜5-brane and the other on its partner. For an odd number N = 2n+ 1 of M˜5-branes,
the same rule applies to 2n of them. For the remaining unpaired M˜5-brane, NM2 ≤ 1 if
a = + and NM2 = 0 if a = −.
Coming back to the counting problem, we find that for the configurations with N = 2n
supersymmetry is unbroken if n ≥ k, and there are (n
k
)
supersymmetric vacua. For the
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M5
OM2a OM2-a OM2a
M5~
M5
M5~
(1+a)/2 M2
OM2a OM2-a OM2a
Figure 9: Creation or not of an M2-brane when M5-branes cross on an OM2-plane.
configurations with N = 2n+ 1 the condition for unbroken supersymmetry is n ≥ k−1 for
b = +, and n ≥ k for b = −. For b = − the counting is the same as before since we cannot
suspend an M2-brane between the M5-brane and the unpaired M˜5-brane, and we again get(
n
k
)
vacua. For b = + we also have to add the configurations where one M2-brane connects
the M5-brane to the unpaired M˜5-brane (see Fig. 8b). This gives
(
n
k
)
+
(
n
k−1
)
=
(
n+1
k
)
supersymmetric vacua. Modulo the precise identification of the orthogonal theories as
O(K)+, O(K)−, or SO(K), which we are not able to make, the counting of supersymmetric
ground states agrees with the field theory results in [4] (see Table (4.20) there).
4.4 Duality moves
The final puzzle in the Type IIA construction is related to the duality move exchanging
the NS5-brane and NS5’-brane. This issue is resolved in the M theory configuration of
the regular theories, since the M5-brane and M5’-brane never intersect. The duality moves
are shown for N = 2n in Fig. 10, and for N = 2n + 1 in Fig. 11. We first move 2n of
the M˜5-branes to the right and across the M5-brane, which leads to the creation of n M2-
branes. Then we exchange the M5-brane and M5’-brane in the x6 direction, which leads to
the creation of an additional M2-brane in the odd N case if b = +. Finally we recombine
M2-branes to minimize the energy.
k 2n
OM2b
OM2a
OM2-b
OM2-a
n
k 2n
OM2b
OM2a
OM2-b
OM2-a
n
n-k 2n
OM2b
OM2a
OM2-b
OM2-a
n
Figure 10: The duality move in M theory for N = 2n.
Using the O2-OM2 relations we can then identify the dual theories. From Fig. 10 with
(a, b) = (+,+) or (−,−) we get the duality for the symplectic theory with an odd number
of flavors,
USp(2k) + 2n+ 1←→ USp(2n− 2k) + 2n+ 1 , (21)
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k 2n
OM2b
OM2a
n
1
OM2a
OM2b
k 2n
OM2b
OM2a
n
OM2a
OM2b
1
n +(1+b)/2
n-k +(1+b)/2 2n
OM2b
OM2a
n
OM2a
OM2b
1
Figure 11: The duality move in M theory for N = 2n+ 1.
and with (a, b) = (+,−), (−,+) we get the dualities for the orthogonal theories with an
even number of flavors,
O(2k) + 2n ←→ O(2n− 2k + 1) + 2n (22)
O(2k + 1) + 2n ←→ O(2n− 2k) + 2n . (23)
Fig. 11 with (a, b) = (−,+), (+,−) shows the duality for the orthogonal theories with an
odd number of flavors,
O(2k) + 2n+ 1 ←→ O(2n− 2k + 2) + 2n+ 1 (24)
O(2k + 1) + 2n+ 1 ←→ O(2n− 2k + 1) + 2n+ 1 . (25)
These are all in agreement with the proposed dualities, again modulo the identification of
the orthogonal theories as O+, O−, or SO.
4.5 Back to Type IIA
The crucial observation that led to the resolution of the puzzles we encountered in the
Type IIA brane construction was that in the lift to M theory we had a choice of putting
the M5-brane and M5’-brane on the same OM2-plane or on different OM2-planes. It is
actually instructive to reduce back to Type IIA string theory and interpret this observation
in the Type IIA brane construction.
In flat space, the position of the M5-brane in x10 corresponds to a uniform VEV of
the compact scalar in the NS5-brane tensor multiplet. On the other hand an M5-brane
wrapping x10 corresponds to a D4-brane. More generally a non-uniform VEV describes an
NS5-D4 bound state. For example, assume that x10 = `x1 (and that x1 is compact). This
describes an M5-brane wrapping x10 ` times as it wraps x1 once, which corresponds to a
bound state of one NS5-brane and ` D4-branes. From the point of view of the NS5-brane
this is seen in the worldvolume coupling∫
R6
C5 ∧ dx10 . (26)
The compact scalar field x10 is odd under the orientifold projection of the O2-plane,
but a discrete remnant taking values in {0, pi} remains. The non-trivial class corresponds
to an NS5-D4 bound state. In other words the reduction of a single M5-brane to Type IIA
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string theory depends on its discrete x10 position. For x10 = 0 it reduces to an NS5-brane,
and for x10 = pi it reduces to an NS5-D4 bound state.
There is another way to interpret this bound state. Consider the orthogonal theory
with a single flavor, and turn on a twisted mass m˜. In the brane construction this is
described by breaking the flavor D4-brane on the NS5’-brane and separating the two halves
symmetrically to σ = ±m˜, as in Fig. 6b. As m˜ → ∞ this gives an NS5’-D4 bound state.
On the other hand from the point of view of the 2d orthogonal gauge theory this shifts
θD → θD + pi. This is consistent with the identification of θD with the discrete relative x10
position of the M5-branes.
Now we can revisit the exchange puzzle in the Type IIA setup. The point is that in the
Type IIA configurations of the regular theories the NS5’-brane is replaced by an NS5’-D4
bound state. This restores the conservation of the linking number under the exchange of
the two NS5-branes. For example in the configuration for O(2k)pi + 2n, Fig. 12, the linking
number before the exchange is given by
LNS5 =
1
2
(NRD4 −NLD4) +NLD2 −NRD2 =
n
2
+
(
k − 1
8
)
−
(
n+
1
8
)
= k − n
2
− 1
4
, (27)
and the linking number after the exchange is given by
L′NS5 =
n
2
+
1
8
−
(
n− k + 3
8
)
= k − n
2
− 1
4
. (28)
In particular no D2-branes are created in this case. On the other hand for O(2k)0 +2n+1,
Fig. 13, the extra D4-brane attached to the NS5’-D4 bound state leads to the creation of
a D2-brane, and the two linking numbers are given by
LNS5 =
1
2
(
n− 1
2
)
+
(
k − 1
8
)
−
(
n+
1
8
)
= k − n
2
− 1
2
L′NS5 =
1
2
(
n+
1
2
)
+
1
8
−
(
n− k + 1− 1
8
)
= k − n
2
− 1
2
. (29)
It is straightforward to generalize this to all the other cases in (21)-(25).
NS5NS5’-D4
O2- O2+O2+~
k n
(a)
2n D4
NS5 NS5’-D4
O2+O2+~
n-k n
O2-~
(b)
2n D4
Figure 12: Duality move in the Type IIA brane configuration for O(2k)pi + 2n.
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NS5NS5’-D4
O2- O2+
k n
(a)
D4
O2+
2n D4
O2+
n-k+1 n
(b)
O2-O2+
2n D4
Figure 13: Duality move in the Type IIA brane configuration for O(2k)0 + 2n+ 1.
5 N = (4, 4) theories
Much of the above analysis carries over to N = (4, 4) theories in a straightforward way, by
replacing the NS5’-brane (or M5’-brane) with another NS5-brane (or M5-brane). However
the conclusions appear to be new, and somewhat unusual from the point of view of higher
dimensional theories with eight supersymmetries.
The N = (4, 4) theories include in addition an adjoint chiral superfield X, which
combines with the N = (2, 2) vector multiplet into an N = (4, 4) vector multiplet. The
matter chiral superfields come in pairs Φ, Φ˜ transforming in conjugate representations of
the gauge group, and there is a superpotential of the general form W ∼ ΦXΦ˜. The R
symmetry is SO(4)× SU(2)R. For the unitary theory there is also a linear superpotential
W = sTrX that combines with the twisted superpotential (5) to give an SU(2)R triplet
of FI terms.
The Coulomb branch is parameterized by the scalars in the vector multiplet (σ, φX),
which transform as (2,2,1), and the Higgs branch is parameterized by the hypermutiplet
scalars (φi, φ˜i), which transform as (1,1,2) ⊕ (1,1,2). Since the YM coupling may be
regarded as the VEV of a scalar in a background vector superfield, it cannot affect the
Higgs branch, and therefore the Higgs branch does not receive quantum corrections. On the
other hand the metric on the Coulomb branch does get corrected at one-loop, as shown in
[20]. In the IR the two branches decouple, and the theory flows to distinct superconformal
theories with an SU(2)× SU(2) R-symmetry [21].
For G = U(k) with N chiral superfields in the fundamental and N in the antifunda-
mental the N = (4, 4) superpotential is given by
WU(k) = sTrX + Φ
a
iXabΦ˜
b
i , (30)
and the effective twisted superpotential is given by
W˜U(k) = (t+ iNpi)
k∑
a=1
Σa . (31)
For G = O(K) with N chiral superfields in the (real) vector representation the super-
potential is
WO(K) = Φ
a
iXabΦ
b
jJ
ij . (32)
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This breaks the U(N) global symmetry of theN = (2, 2) theory to Sp(N), and in particular
requires N to be even, N = 2n. The effective twisted superpotential is given by
W˜O(K) = i(θD + pi(2n+ 2K))
k∑
a=1
Σa = iθD
k∑
a=1
Σa . (33)
This shows that at least the part of the Coulomb branch parameterized by Σ is lifted for
θD = pi. Given the N = (4, 4) supersymmetry we expect X to be similarly lifted by an
effective linear superpotential, although we do not how to realize this in the field theory
given the usual non-renormalization theorem.
For G = USp(2k) with N chiral superfields in the (pseudoreal) fundamental represen-
tation the superpotential is
WUSp(2k) = Φ
a
iXabΦ
b
jδ
ij . (34)
This breaks the global U(N) symmetry to O(N). In particular N can be even or odd,
corresponding to an even or odd number of half-hypermultiplets. The effective twisted
superpotential is given by
W˜USp(2k) = ipiN
k∑
a=1
Σa , (35)
which implies that the Coulomb branch is lifted if N is odd. Again, there should also be an
effective linear superpotential for X, but we do not understand how it is generated. The
lifting of the Coulomb branch in this case and in the orthogonal theories with θD = pi sounds
a bit surprising, given the fact that in four dimensional theories with 8 supersymmetries
the Coulomb branch cannot be lifted.
The Type IIA/M theory brane construction of these theories is essentially identical to
the one for the N = (2, 2) theories, and was originally given for the U(k) theory by John
Brodie in [22]. We simply replace the NS5’-brane (or M5’-brane) by another NS5-brane (or
M5-brane). In particular this construction supports our assertion that the entire Coulomb
branch is lifted in the cases discussed above, since, as in the N = (2, 2) construction, the
M2-branes break on the flavor M˜5-branes and cannot move in the (2, 3, 4, 5) directions.
This construction also suggests the following dualities for the N = (4, 4) theories,
U(k) +N ←→ U(N − k) +N (36)
O(K)pi + n ←→ O(2n−K + 1)pi + n (37)
USp(2k) + n+
1
2
←→ USp(2n− 2k) + n+ 1
2
, (38)
where the number of flavors counts full hypermultiplets. The duality for U(k) was originally
proposed in [22], and tested by comparing the elliptic genera in [13]. The orthogonal and
symplectic dualities are new. There are no singlets in the magnetic theories in these cases.
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More specifically the dualities in (36)-(38) should be understood as Higgs branch du-
alities, namely that the two N = (4, 4) supersymmetric gauge theories flow to the same
IR SCFT on the Higgs branch. Naively this does not seem possible since the condition
for the existence of a pure Higgs branch for the electric theory is incompatible in gen-
eral with the condition for the magnetic theory. For example for the unitary theories in
(36) the electric theory requires N ≥ 2k whereas the magnetic theory requires N ≤ 2k.
One of the two theories will only have a mixed branch, in which a subgroup of the gauge
symmetry remains unbroken. However by turning on the FI parameters we can break the
gauge symmetry on both sides completely for N ≥ k, lifting the directions in the mixed
branch corresponding to nonzero VEVs for the vector multiplet scalars, thereby reducing
it to a pure Higgs branch. The dimensions of the Higgs branches, or equivalently the Higgs
branch central charges [21], of the unitary electric and magnetic theories are the same [22]:
cˆm = (N − k)N − (N − k)2 = kN − k2 = cˆe . (39)
There are no FI parameters in the orthogonal and symplectic theories of (37) and (38), but,
as we argued above, the vector multiplet scalars are lifted in these theories. The resulting
pure Higgs branches are the same for the dual pairs. For the orthogonal theories in (37):
cˆm = (2n−K + 1)n− 1
2
(2n−K + 1)(2n−K) = Kn− 1
2
K(K − 1) = cˆe , (40)
and for the symplectic theories in (38):
cˆm = (2n− 2k)(n+ 1
2
)− 1
2
(2n− 2k)(2n− 2k + 1) = 2k(n+ 1
2
)− 1
2
2k(2k + 1) = cˆe. (41)
5.1 Type IIB construction
The N = (4, 4) theories can also be realized in Type IIB string theory using D1-branes and
D5-branes. For k D1-branes and N D5-branes this gives a U(k) theory with N fundamental
hypermultiplets. The theta parameter in this description corresponds to the Type IIB RR
0-form potential, C0 = θ. This is seen in the coupling C0TrF in the D1-brane worldvolume
theory.7
The orthogonal and symplectic theories are obtained by adding an orientifold 5-plane.
There are four possibilities, O5−, O5+, O˜5
−
and O˜5
+
, that lead to different 2d gauge
theories. With the O5−-plane the gauge group is USp(2k), and there are an even number
N = 2n of half-hypermultiplets in the fundamental representation. With the O˜5
−
-plane the
2d gauge group is the same, but there is an odd number N = 2n+1 of half-hypermultiplets,
since there is an unpaired D5-brane stuck in the orientifold plane. The O5+ and O˜5
+
planes
both give a 2d O(K) gauge theory with an even number of half-hypermultiplets N = 2n.
In this case K may be even or odd, the latter corresponding to an unpaired D1-brane.
7It is not known how to describe the triplet FI parameter in this construction.
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The two theories differ in the value of the discrete theta parameter: θD = 0 for O5
+ and
θD = pi for O˜5
+
.8
The different versions of the orientifold 5-plane are associated to torsion classes of RR
and NSNS flux in the reduced space [16]. The O5−-plane corresponds to trivial fluxes.
The O5+-plane corresponds to NSNS flux in the non-trivial class of H3(RP 3, Z˜) = Z2,
the O˜5
−
-plane corresponds to RR flux in the non-trivial class of H1(RP 3, Z˜) = Z2, and
the O˜5
+
-plane corresponds to both fluxes being turned on. The RR flux, in particular,
corresponds to a discrete remnant of the Type IIB RR scalar potential C0. This field is odd
under worldsheet parity reversal and so should reverse sign across the orientifold plane.
However it is also periodic C0 ∼ C0 + 2pi, so there are two allowed values with a vanishing
field strength, C0 = 0 or C0 = pi. For O5
± C0 = 0, and for O˜5
±
C0 = pi. Thus in the
orthogonal theory C0 corresponds to the discrete theta parameter, and in the USp(2k)
theory to whether the number of half-hypermultiplets is even or odd (see Table 4).
O5-plane
∫
B2 C0 2d gauge theory
O5− 0 0 USp(2k) + n
O5+ pi 0 O(K)0 + n
O˜5
−
0 pi USp(2k) + n+ 1
2
O˜5
+
pi pi O(K)pi + n
Table 4: The four versions of the orientifold 5-plane and the corresponding D1-brane
theories.
The Coulomb branch of the 2d gauge theory corresponds to moving the D1-branes
away from the orientifold 5-plane. This breaks the D1-brane gauge symmetry to U(k), or
more generally to U(1)k, and couples the gauge field to the RR scalar via C0TrF . Thus
a non-trivial theta parameter θeff = pi is generated on the Coulomb branch in the O(K)
theory with a non-trivial discrete theta parameter, and in the USp(2k) theory with an odd
number of half-hypermultiplets, in agreement with the field theory results. This is actually
a novel phenomenon from the point of view of D-brane dynamics. The non-trivial effective
theta parameter implies that the D1-branes cannot be separated supersymmetrically from
the O˜5
−
and O˜5
+
planes, although naively the objects appear to preserve eight supersym-
metries independently of the relative positions. The separation generates an electric field
F01 ∼ θ2, and therefore a non-vanishing energy density. This again supports our assertion
that the entire Coulomb branch is lifted in these cases, including the moduli contained in
8The 2d N = (4, 4) theories realized in this way actually contain an additional hypermultiplet, trans-
forming in the symmetric tensor representation in the O(K) theory, and in the antisymmetric tensor rep-
resentation in the USp(2k) theory. Therefore they are not identical to the theories we considered above.
However the additional field does not contribute to W˜ , and therefore does not change the conclusions
about the Coulomb branch.
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the adjoint chiral superfield X.
6 Discussion
We have provided a brane realization of two-dimensional N = (2, 2) supersymmetric gauge
theories with orthogonal and symplectic gauge groups, and used it to exhibit the prominent
IR properties of the theories, including Seiberg dualities. The string theory brane config-
uration presented a number of puzzles, which were resolved by lifting the configuration to
M theory. This also led to some new results related to brane dynamics in M theory in the
OM2-plane background and its reduction to Type IIA string theory.
We have also discussed the N = (4, 4) supersymmetric version of this construction.
This leads in particular to new duality conjectures for the regular N = (4, 4) theories
with orthogonal and symplectic gauge groups. It would be interesting to further test these
dualities. It is also important to understand the mechanism that lifts the part of the
Coulomb branch corresponding to the adjoint chiral superfield X in these theories.
The question of the precise identification of the orthogonal gauge theory in the brane
construction remains open. Three distinct theories were considered in [4], O(K)± and
SO(K). We do not know which version the brane configuration describes. In fact there
are other possibilities such as Spin(K) and Pin(K). It would be interesting to clarify this
point.
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